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Heavy quark potential in the static limit of QCD
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Following the procedure and motivations developed by Richardson, Biigmmand Tye, we derive the
potential of static quarks consistent with both the three-loop running of the QCD coupling constant under the
two-loop perturbative matching of V ankllS schemes and the confinement regime at long distances. The
implications for the heavy quark masses as well as the quarkonium spectra and leptonic widths are discussed.
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[. INTRODUCTION the determination of mass spectra. So, the phenomenological
approximations of potentiglogarithmic one[2] and power
The potential of static heavy quarks illuminates the mostaw [3]), taking into account the regularities of such the spec-
important features of QCD dynamics: the asymptotic freedra, were quite successfi#], while the quantities more sen-
dom and confinement. Trying to study subtle electroweaksitiVe tO the global properties of potential are the wave func-
phenomena in the heavy quark sector of the standard moddions at the origin as related to the leptonic constants and

we need quite an accurate quantitative understanding of tr%foductlon rates. So, the potentials consistent with the

. . - symptotic freedom to one and two loops as well as the
effects c:?\used by th_e strong interactions. Ip addition to th inear confinement were proposed by Richard§sh and
perturbative calculations for hard contributions, at presen

; hmill T tively. Technicall i
there are three general approaches to get a systematic uchmuler and Tye[6], respectively. Technically, using a

S ven scheme of regularization, say, the modified minimal
scription of how the heavy quarks are bound to the hadrong, - tion schemeM(S), one has to calculate the perturba-
and what the relations are between_ the measured propertigge expansion for the potential of static quarks. This poten-
of such hadrons and the characteristics of heavy quarks 3

: . fal can be written down as the Coulomb one with the run-
relevant to the electroweak interactions and QCD. These @ing coupling constant in the so-called V scheme. Thus, the
proaches are the operator product expansORE in the

inverse powers of heavy quark mass, the sum rS&s) of perturbative calculations provide us with the matching/&f

QCD, and the potential models for the systems containingcNeMe with the V scheme. Tieloop running Qf_agﬂs re-

the heavy quarks by exploring various approximations of théluires then—1 loops to matchwy . Note, that initially two
Bethe-Salpeter equation with the static potential treated i€fficients of corresponding functions are scheme and
the framework of effective theory with a power counting in 92Uge independent, while the others are generally dependent.
terms of powers of the inverse heavy quark mass. The firsfVith the dynamical fields integrated out, the V scheme is
method is usually exploited in the inclusive estimates, whiled€finéd in terms of the action depending on the static sources
the second and third techniques are the frameworks of excldthe distance), so that its3 function is gauge invariant. The
sive calculations. The important challenge is a consistency dftotivation by Buchmler and Tye was to write down the
evaluations obtained in such ways that requires the compar#dnction of a consistent with two known asymptotic re-
tive analysis of calculations. A wide variety of systems anddimes at short and long distances. They proposed the func-
processes for the analysis provides a more complete qualitdon, which results in the effective charge determined by two

tive and quantitative understanding of heavy quark dynamParameters, only: the perturbative parameter is the scale in
ics. the running of coupling constant at large virtualities and the

In the leading order of perturbative QCD at short dis-nonperturbative parameter is the string tension. The neces-
tances and with a linear confining term in the infrared regionSary inputs are the coefficients 6f function. Two loop re-
the potential of static heavy quarks was considered in th&ults and one loop matching condition were available for the
Cornell model[1], incorporating the simple superposition of BT model. Recently, the progress in calculations has pro-
both asymptotic limitsthe effective Coulomb and string-like Vided us with the two loop matching of V arldS schemes
interactions. The observed heavy quarkonia posed in thel7,8], which can be combined with the three loop running of
intermediate distances, where both terms are important foutg"s. Therefore, the modification of Buchiiter-Tye (BT)
potential of static quarks as dictated by the current status of
perturbative calculations is of great interest. Moreover, at the
*Email address: kiselev@thl.ihep.su moment two peculiar questions become apparent. First, the
"Permanent address: Moscow Institute of Physics and Technologgsymptotic perturbative expansion of the BTfunction to
Dolgoprudny, Moscow region, Russia. Email address:the third order results in the three loop coefficient, which is
kovalsky_a_e@mail.ru wrong even in its sign. Second, the elaboratggs param-
*Email address: onischen@heron.itep.ru eter by BT is in a deep contradiction with the measured value
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[9]. To clarify the situation, we will derive the static quark and derive the static potential of heavy quarks. The numeri-

potential consistent from the state of the art. cal values of potential parameters and their consistency with
Thus, our motivation is to combine high order multiloop the relevant quantities are considered. The implications for

calculations of the perturbative static potenfigg] with the ~ the heavy quark masses, spectra of heavy quarkonia, and

string tension ansatz. We improve the perturbative input fofeptonic constants are discussed in Sec. Ill. The obtained

the potential model in order to remove the contradiction befesults are summarized in the conclusig8sc. IV).

tween the modern high energy data on the QCD coupling

constant and the description of heavy quark potential in the  Il. QCD AND POTENTIAL OF STATIC QUARKS

framework of the one-loop Buchriler-Tye model, which In this section, first, we discuss two regimes for the QCD

accepts an extremely high value of the C(_)uplmg constang, ces between the static heavy quarks: the asymptotic free-
evolved to theZ mass scale. In other words, if we accept thedOm and confinement. Second, we formulate how they can
current normalization of.the coupling constant and introducg,o combined in a unified functi’on obeying both limits of

its value into the Buchniler-Tye approach to the one-loop gmail and large QCD couplings.

potential, then we get the contradiction of such the potential
with the heavy quarkonium mass spectra, certainly, since we
find about 200 MeV smaller splitting between thg and 2S . o . ) . .
levels in comparison with the experimental 580 MeV. This The static potential is defined in a manifestly gauge in-
discrepancy cannot be removed by the modification of th&/ariant way by means of the vacuum expectation value of a
nonperturbative part in the potential with no contradictionWilson loop[12]

with the data on the slope of Regge trajectories. Therefore, 1

the modification of perturbative input for the model of static V(r)=— lim = In(\}),

potential in QCD is meaningful in this sense even when the Tl T

nonperturbative contribution is conserved in the old string

tension form. So, the significant improvement of the pertur- — _

bative 8 function for the charge in the Coulomb potential is WF:trPeXF]( 9 3grdXMAM)- 1)
combined with the consequent evolution from high virtuali-

ties to low ones, taking into account the influence of theHere,F is taken as a rectangular loop with time extension
nonperturbative term on the evolution, which becomes esz 4 spatial extension The gauge fieldd, are path ordered
sential numerically below the scale of 4 GeV. iy

. along the loop, while the color trace is normalized according
We have to emphasize that at the moment the paper b

Buchmiller and Tye[6] was published, a theory for the t (.. )=tr(... )/t

L - , Generally, one introduces the V scheme of QCD coupling
heavy nonrelativistiQQ pair did not exist. So, the phenom- ., tant by the definition of QCD potential of static quarks
enological derivation of the static potential including pertur-

. ) ) X in momentum space as follows:
bative short-distance and nonperturbative long-distance ele-

ments made by BT was all one could do. At present, at least Array(oP)

for very heavy quarks, such a theory does exist in the form of V(g?)=— CF+1 2
potential nonrelativistic QCHPNRQCD [10] and velocity-

counting nonrelativistic QCOVNRQCD) [11], and we ad-

dress the comparison of the static potential model developedhile ey can be matched witkvys

in this work with these sound theoretical approaches in QCD

A. Perturbative results at short distances

to the physics of heavy quarkonium. o - ams(p?)|\"
Another aspect of this work is devoted to the heavy quark ay(q?)= “'\"_5(“2);0 a“(“zlqz)( A ) C)

masses. After the potential is given, the heavy quark masses

incorporated in the corresponding Scttirmger equation de- % ams(qP)\"

termine the heavy quarkonium spectra with no ambigity. =aM—S(q2)2 an(L) . (4)

These masses involved in the potential model are denoted by n=0 4

m‘é. This mass should be distinguished from the pole mass _ . )
which is a purely perturbative concept defined unambigu\t Present, our knowledge of this expansidm restricted by
ously at each order of perturbation theory through the pole of 31 20 )
the perturbative heavy quark propagator. Thus, we need to, _ 7 _ _ 9o+ £V ~ M
test the consistency of estimates for the masses in the QCDaO_aO_l’ =g Cam g Teni, a1=artfoln @’
potential of static quarks and in SR. (5
In Sec. Il we generalize the BT approach to three loops
which is the well-known one-loop result, and the recent two-

loop calculationg7,8], which gave

We deal with the so-called spin-averaged spectra, since the con-
sideration of spin-dependent splitting involves some additional pa-
rameters beyond the static potential. 20n a possible peculiar behavior in the expansion see[R2f.
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We have used here the ordinary notations for the NgQJ(
gauge group:Ca=N;, Cg=(N2—1)/2N,, Tg=3%. The
number of active flavors is denoted hy.

After the introduction ofa= «/4, the B function is ac-
tually defined by

da(p?) _

2 B a"2(u?), 8
dlinu?

B(a)=—

S0 that,li’01 ,8 and

618+ 2427(3)
9

)\ 5 [445+704(3)
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184—-192(3)
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+2C2Ten+ Cr(Teng)2.

The coefficients of function, calculated in th&1S scheme
[13], are given by

s 11 4

o =3 Cam3Tenr, (12)
34 20
B17= 5 Ca=4CeTent— 5 CaTens, (12
o 2857 , 205
B2"= 54 Cat2CETeni— -5~ CACeTeny
1415 44 158
57 —5 CaTeni+ o CF(Tan) - CA(Tan) :
(13
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V(r)y=-

2 2
CFaMs(M)(1+ MS(M)(Z,BOM(,LLI’ N+ay)

r

— 2\\ 2 2
o N sl e 2

+2Bpar)In(ur’)+a;

4+ ...

(14

with r’=r exp(yg). Defining the new running coupling con-
stant, depending on the distance,

. 2
V(r): _CF av(l/l‘ ) '

; (15

we can calculate it@ function from Eq.(14), so that[7]

v ™
B3=PB3+ 5 Bo, (16)
and the minor coe1‘ficient$§},’yl are equal to the scheme-
independent values given above.

To normalize the couplings, we use Hd) at g?=m3.

B. Confining term

The nonperturbative behavior of QCD forces between the
static heavy quarks at long distanegeis usually represented
by the linear potentialsee discussion in Ref14])

veoipy=k-r, (17
which corresponds to the square-law limit for the Wilson
loop.

We can represent this potential in terms of the constant
chromoelectric field between the sources posed in the funda-
mental representation of SN). So, in the Fock-Schwinger
gauge of fixed point

X, A#(X) =0,

we can represent the gluon field by means of the strength
tensor[15]
AL (X)==3X"G,,(0),

so that for the static quarks separated by the distance

6i<0>G%o<0>Qj<0>— ET],
where the heavy quark fields are normalized to unity. Then,
the confining potential is written down as
veori(r)y=1g,CLE-r.

Supposing, that the same strength of the field is responsible
for the formation of gluon condensate, by introducing the

The Fourier transform results in the position-space potentiatolored sourcesn;, which have to be averaged in the

[7]

vacuum, we can easily find.6]
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(G2 y=—4(G3,(0)G2,(0))=4CE%(nn) Thek term is usually represented through a paramefeas
1224 ’
where we have supposed the relation K= 1
— — — 2map
(nT3TPn)=—(nT?n-nT°n), (18) F

. Buchmiler and Tye puta;=1.04 GeV 2, which we use
which ensures that the sources conserve the massless of tﬂ’t"\‘?oughout this paper. This value of tension, which is related
gluon, and, hence, the gauge invariaideurther, it is evi-  \ith 4 slope of Regge trajectories, can be compared with the
dent that estimate following from Eq(19). At

raThny o — ¥s ~2 -2
(NTT°n)=C¢ N2_1<nn). <?GW> =(1.6+0.1)-10 2 GeV* [18]
C

Then, we conclude that the relation between the strekgth W€ have found
and the string tension depends on the normalization of , . )
vacuum sources; . We put ap=1.04r0.03 GeV*,

g which is in a good agreement with the fixed vafue.
e The form of Eq.(17) corresponds to the limit, when at
low virtualities g°>—0 the couplingay, tends to

(ninj)=n;8

where n, denotes the number of lighgtochasticflavors,
which is the free parameter of such a representation. Of K
course, the value af; should be finite even in the case of ay(9?)— —,
pure gluodynamics with no light quarks in the infrared re- q
gion. Moreover, the light quark loops could cause the break-
ing of gluon string, i.e., the strong decays of higher excita->° that
tions. We assume that is basically determined by the gluon d 9
dynamics(i.e., the number of coloysand it slightly corre- dav(@) a(0P) (20)
lates with the number of quark flavors. After a simple con- Ing? v '

sideration of potential strength between two colored sources

in the fundamental and adjoint representations, i.e., the colorhich gives the confinement asymptotics for tBg func-
factors in front of a single gluon Coulomb potential, we as-tion.

sume that in the pure gluodynamics the number of stochastic A special comment should be made on the role of the
sources substituting for the vacuum gluons can be acceptdihear term in the potential. Considering the power correc-

in the fornf tions, which can be attributed to various sources such as the
renormalon, topological effects caused by monopoles and
1C, 3 1. vorteces, deviations from the operator product expansion, the

n| - == —n| f

authors of[19] argued that this term responsible for the
quark confinement can contribute at short distances too. This
where the factor N, normalizes the source to unit, and conclusion is essentially different from the point of view
CA/Ck is the appropriate ratio of color charges. To the mo-based on the notion about a low energy phase transition lead-
ment, the shift of, in QCD with light quarks is not explic- ing to the condensation of gluons and quarks. This conden-
itly fixed, while the lattice calculations show that the depen-sation provides the formation of a chromoelectric string be-
dence of string tension on the number of light quarks is weakween the static quarks. Thus, at short distan@eshigh

[17]. Finally, we find for the linear term of the potential  Virtualities g*) one could expect the decomposition of con-
densates, which means the scale of confinert@rihe string

- @, - a; tension should disappear from the physical quantities at
k= ———C¢ <_G;2w> = Cr <_wa> ) largeq?. In contrast, the nonperturbative scale can contribute
VCeNCN m 2\/N—C m as the factor in front of power correctionsg?/even atq?
(199 —. So, in[19] several indications of linear term contribu-
tion at small distances were considered. We repeat the items

relevant to the question on the static potential here.
First, the lattice simulatiofi20] does not show any change

in the slope of the fullQQ potential as the distances are
changed from the largest to the smallest ones where the Cou-

"N, Cr 4 4

3The mass term generated by the sources should be equal to
~A2A° nT2Tn+nT2n-nTPn], so that the averaging of sources
yields zero, if we suppose E(L8).

“This assumption corresponds to the definition of vacuum proper-
ties in QCD in terms of notations under the consideration, which is
in agreement with the value of gluon condensate and Regge trajec"The ambiguity in the choice ofi, can change the appropriate
tories slope. value of gluon condensate.
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lombic part becomes dominant. Hence, no rapid energy 1 1 B, 1
jump, characteristic of the phase transition, is found on the st =
lattice. An explicit subtraction of the perturbative corrections Berla) Boo®  Boa  Ber(a)
at small distances from the potential in the lattice gluody-

namics was performed if21]. This procedure gives an es- S 1 +ﬂexp[—la].
sential nonzero linear term at very small distances. B az( 1—ex;{— i ) Baa

Second, there are the lattice measuremiggftsof the fine 0 Boa
splitting in the heavy quarkonium levels as a function of the (22)

heavy quark mass. The approach by Voloshin and Leutwyler

[16] predicts a particular pattern of such a dependence. In-

deed, the multipole expansion of heavy quarkonium interact he exponential factor in the second term contributes to the

tion with the external gluon field leads to the dominant con-N€xt order ina at smalla, so that the perturbative limit is

tribution by the second order of the chromoelectric dipole "éstored. However, we can easily find that the third coeffi-

Therefore, the quark distance squared appears as the leadifi§nt of Bsr function is equal to

term in the perturbation due to soft gluons at short distances.

These predictions are very different from the evaluations B1

based on the static quark potential with the linear term, such Bz,BTZB—(Bl— | Bo),

as the potential by Buchilar and Tye[6]. The numerical 0

results from the lattice simulations favor the linear correction

to the potential at short distances. and it is negative at the chosen valud ef24[6], which is in
Third, an interesting manifestation of short strings mightcontradiction with the recent resuylt,8], shown in Eq(10).

be the power corrections to current correlation functions TO incorporate the three-loop results into the perturbative

11,(9%). Calculations of a relevant coefficient in front of the A function, we introduce

1/g? terms involve the model assumptions. So|26] it was

suggested that we simulate this power correction by a tachy- ,3%
onic gluon mass. The tachyonic mass can imitate the stringy 1 1 B+ ,8\2’— ﬁ_) a 1
piece in the potential at short distances. Rather unexpectedly, + o

the use of the tachyonic gluon massg= —0.5GeV) ex- Bera) Bod? Ba B(a)

plains well the behavior oﬂj(qz) in various channels. This 1

fact again implies that we see the confirmation of the short

distance linear term in the potential. 2 1
Thus, we do not involve any additional assumptions on Boa (1_6)(4_ _D

the possible scale and properties of quark-gluon condensate 5

decomposition at short distances in the description of static 4l gve ﬁ

potential in QCD. +ﬂ1 B2 Bo a F{ |2a2}

- _
Boa

5 (23

C. Unified B function and potential

Buchmiller and Tye supposed the following procedure for where again the exponential factor in the second term con-
the reconstruction ofg function in the whole region of tributes to the next order in—0. In the perturbative limit
charge variation by the known limits of asymptotic freedomthe usual solution
to a given order inag and confinement regime. So, in the
framework of asymptotic perturbative theof?T) to one

. . 1 2
loop, theBpt is transformed to the Richardson one a(u?)= . 1_/3_; . In In'u—z
M M
1 1 1 1 Boln "5 o e
= — —Y = — .
Bpr(a) Boa®  Bricn(a) ) 1
Boa| 1—exp — — 2 2 2 v
Boa 1 1 0y M I B2Bo
(21) +— 5| In“In——Inln-— —1+—
0 21“' A A ﬁl
In“—
A2
The Richardson function has the essential peculiarity at 24)
—0, so that the expansion is the asymptotic series. iAt
a—oo the B function tends to the confinement limit repre-
sented in Eq(20). is valid. Using the asymptotic limits of Eq$20) and (24),
According to the two-loop accuracy, following in the one can get the equations for g@yfunction, satisfying these
same way results in thg function by Buchmiler-Tye boundary conditions, as follows:

054009-5



V. V. KISELEV, A. E. KOVALSKY, AND A. I. ONISHCHENKO

2

PHYSICAL REVIEW D 64 054009

2
M 1 B1 I B1/By B |2CL2(,M2)
In—=——+—1InBoa(u?) 2y = ex —l< +E, | — L
A2 Boa(ﬂz) ﬁg 71 (%) ,30\/5 2,3(2) YE 1 2 )
(3D
2 1
+f°‘(’”dx T
0 Box?>  Bix  B(X) ) 1
ag(p) = 5 (32
N~ a( 2)+f°° dx =+ 26 foln 1+%
n—=Ina X =+ ——|.
w? H awd)  [X B(X)
Taking the limit of u>—0 we find the relation
In general, at a give function, Egs.(25) and(26) deter-
mine the connection between the scAleand the parameter ) . B1 2
of linear potentiak, In47°CrapA°=InBot+_—| vet—;
2By 2o
Vo 2 >y
Supposing Eq(23), we can easily integrate out E@5) to _ M _2 (33)
get the implicit solution of charge dependence on the scale B3 |

_qﬂ[mﬂol_ﬁ

In MZ In[e p( !
—= X
A? Boal 1?) B5

la(u?)

V2

: (27)

\/;
Vo 22\ 75
+,32,30 B1 | 2 Erf

B3

where E;[x]=[;dtt”exd —t] is the exponential integral,

and Er[x]=(2/\/;)f6dtexr[—t2] is the error function.

Equation(27) can be inverted by the iteration procedure

as it was explored in the derivation of E(R4). So, the
approximate solution of Eq27) has the following form:

a(p?)= PR (28)
Bo In( 1+ U(MZ)P)
where
2
| B1!Bg [1202( w2
n(p?)= ) _12(’)’5"' Eq Leat) )
BoV2 285 L2
- -
\% 2 A 2
- 2 I
_ BZBﬂos Pi —Ef aljg 1. (29)
0 |
while a, is obtained in two iterations
) 1
ay(p?)= ™ (30
)2
Boln| 1+ nl(ﬂz)P)

which completely fixes th@ function and charge in terms of
scaleA and the sloperp, since we have expressed the pa-
rameterl in terms of the above quantities.

Remember, that gi?—« the perturbative expression Eq.
(24) becomes valid as the limit of effective charge E2p).

At the moment we are ready to discuss the numerical
values of parameters.

D. Setting the scales

As we have already mentioned the slope of Regge trajec-
tories, determining the linear part of the potential, is fixed as

ap=1.04 GeV?Z

We also use the measured value of QCD coupling constant
[9] and pose

aMS(m2)=0.123,

as the basic input of the potential.
At the given choice of normalization value for the QCD

coupling constant we get the scalfk,'\]"fs;5~273 MeV,

which certainly differs from the world average value result-
ing in the analysis of the Particle Data Gro{@], where

Ap25~208"33 MeV, which corresponds to the coupling

constantay°(m2) =0.1181+0.002[9]. However, this aver-
age value including various data is generally determined by
the most precise measurements: the data on the hadronic
events in the peak of boson at the CERN"e™ collider
(LEP) (the hadronic width the decays of- lepton, the data

on the deep inelastic scatterii9lS) for leptons off nucle-
ons, and the lattice simulations for the systems of heavy
guarkonia. In this set of estimates, the high energy measure-
ments at LEP foZ and at the DESYep collider HERA for

the evolution of nucleon structure functions give the average
values a¥3(m3)=0.123+0.004 and af>(m3)=0.122
+0.004, respectively, while the evolution of structure func-
tions at low virtualities, where an ambiguity in the descrip-
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tion of nonperturbative effects and contributions of higher V'(r), GeV
twists are essential, as well as the energy-dependent sui
rules for the structure functions at low energies, significantly 1
displace the common average value for the coupling constan
extracted from the DIS data. Thus, we argue that the me-
thodical uncertainty for such averaging is underestimated, ,
since the low-energy data have some additional sources @
theoretical uncertainties. The analysis of data on the decay
of 7 lepton resulting ine™>(m3) = 0.121+ 0.003 is based on

the sum rules, where the control of nonperturbative correc- *
tions is much better than in DIS, though there are some the:
oretical problems on the formulation of sum rules in the
region of physical states in contrast with the classic variant -2
of sum rules in the deep euclidean region. Finally, the lattice
simulations investigate the splitting between the states ol
heavy quarkonia, i.e., they operate with the low-energy date _,
and rely on an approximation with the zero number of light
quarksn{=0 or n;=2 under the extrapolation to both the
real number of;=3 and the region of high virtualities due

to the evolution. A high accuracy of such lattice estimates is 0.2 0.4 0.6 0.8 1 1.2 1.4
announced. As we have seen the spectroscopic characteristics

for the systems of heavy quarks need an extremely careful FIG. 1. The potential of static heavy quarks in QCGdlid line)
interpretation, since the evolution of potential parametersn comparison with the Cornell modé&lashed ling (up to an addi-
from the region of bound states to the high virtualities istive shift of energy scaje

affected by the nonperturbative factors. Thus, we see that the

normalization value of the QCD coupling constant acceptedhfter fixing the momentum space dependence of the charge,
above agrees with the direct high-energy measurementwe perform the Fourier transform to get

while the data obtained at low energies allow the agreement,

if we take into account their systematic uncertainties, which
are not well estimated.

_Note that the decrease of normalization value to
aS(m2)=0.120, for example, leads to a discrepancy withWith
the data on the splitting of heavy quarkonium masses be-
tween the levels of $ and 2S states, which is very sensitive u(r)= Jx@( a(q?) — 5) sin(q-1),
to the normalization of QCD coupling constant, so that in- o d q°
stead of M(2S)—M(1S)~580 MeV we get the value
which is less by about 100 MeV. In this respect, the variationwhich is calculated numerically at>0.01 fm and repre-
of the other dimensional parameter, the Regge trajectorgented in thenATHEMATICA file in the format of notebook at
slope, from the accepted value af.=1.04 GeV2 to ap the site http://www.ihep.sa/kiselev/Potential.nb
=0.87 GeV? leads to an unessential change in both the Note, that at short distances the potential behavior is
splitting and the corresponding value for the scale in thedurely perturbative, so that at<0.01 fm we put
coupling constant evolved to low virtualities.

Then, we evaluate

r, fm

)

8Ck
V(r)=k-r—Tu(r), (37)

ay(1/r?
V(r)=—cF—aV(Ir ), (38)
ay(m3)~0.13086,
where the runningx,(1/r?) is given by Eq.(24) with the
appropriate value O]‘E\z’ at n;=5, and with the matching
€[’;)otential Eq.(37) atrg=0.01 fm, where we have found

and put it as the normalization point fora(m%)
= av(m%)/(477). Further, we find the following values of
for the effective charge, depending on the number of activ

flavors: - 2
ay(1/rg)=0.22213,
Ap -3=643.48 MeV, |=56, (34 _
which impliesA ) _s=617.42 MeV.
An,—4=495.24 MeV, |=37.876, (35 Thus, we have completely determined the model for the
potential of static heavy quarks in QCD. In Fig. 1 we present
Anf=5=369.99 MeV, |1=23.8967, (36) it versus the distance between the quarks. As we can see the

potential is very close to what was obtained in the Cornell
where we set the threshold values for switching the numbemodel in the phenomenological manner by fitting the mass
of flavors to be equal tons;=4.6 GeV andm,=1.5 GeV. spectra of heavy quarkonia.
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V(r), GeV Ap
—, %
|6l

10

10

e

W/
/ -5
-0 | f v
a SR
i 0.05 0.1 0.15 0.2 0.25 0.3
-15 |} a
0.02 0.04 0.06 0.08 0.1 0.12 0.14 . . )
7, fm FIG. 3. The differences between tfefunctions vs the effective
) ) ) o charge. The value of— Bg1)/| 8| is shown by the solid line, &
FIG. 2. The potential of static heavy quarks in QCdolid line) —Br)!|Bl is given by the short-dashed line, andBgf
in comparison with the Cornell modéilashed line, up to an addi- — Brien)!| Ber| is represented by the long-dashed line
ICI .

tive shift of energy sca)jeand the difference between themmpper
curve at short distances as caused by the running of coupling il}rom the perturbative regime begins at<3-4 GeV) to
QCD. reach the confinement limit ai— 0, so that the perturbative
) L ) __connection between the scalasand AMS is broken at vir-
The visual deviation between the QCD potential derived, ,ities under touch by the charmed and bottom quarks,

and_the C_ornell mc_)del at Ion_g dlstanges IS ca_lusgd by a NWhich was the reason for the error in the assignmemw
merical difference in the" choice of string tension: we adoptby Buchniller and Tye
the value given by Buchntler and Tye, while in the Cornell '
model the tension is slightly greater than that we have used.
A more essential point is the deviation between the potentials
at short distancetsee Fig. 2, because of the running of the
coupling constant in QCD in contrast to the constant effec- Considering the characteristics of heavy quark bound
tive value in the Cornell model. states we should emphasize a significant necessity to separate
For comparison, we show the differences betweenghe two distinct theoretical problems. The first problem is calcu-
functions Eqgs.(21), (22), and (23) in Fig. 3 at the fixed |ation of the heavy quark potential, where the leading ap-
values ofl andn;=3. Wee see that the asymptotic perturba-proximation is the static limit ofmg— in the operator
tive expansion ofg at a—0 dominates at<<ap, Wherea,  product expansion over the powers of inverse heavy quark
~0.03 corresponding tex, ¢~0.37. This value of coupling mass. We have considered this problem in Sec. Il. The other
ay o coincides with the effective Coulomb constant used inproblem is the calculation of bound state masses. In the
the Cornell model. At larger values of coupling the COﬂtribU-hea\/y quarkonium the kinetic energy of quark motion is
tions related with the confinement regime are essential.  comparable with the potential energy. So, the leading ap-
Two comments are to the point. First, the resulting potenproximation for the effective Lagrangian in the operator
tial is obtained by the perturbative normalization to the meaproduct expansion over the inverse heavy quark mass is the
sured value ofag"s(mg) as combined with the three-loop sum of the nonrelativistic kinetic term and the static poten-
evolution to the lower virtualities. Second, the running of thetial, which give the dominant contribution in the Sctinger
coupling constant is modifiednumerically the deviation equation for the bound states. Corrections are relativistic

Ill. HEAVY QUARK MASSES AND LEPTONIC
CONSTANTS

TABLE I. The masses of charmonium as predicted in the present pag)(ik comparison with the
experimental data elaborated as described in the text.

State (L) M (K20) M (exp) State L) M (K20) M (exp)
1S 3.068 3.068 P 3.493 3.525
2S 3.670 3.671 P 3.941

3s 4.092 4.040 ® 3.785 3.770
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TABLE Il. The masses of bottomonium as predicted in the  TABLE Ill. The masses obc as predicted in the present paper

present paper (¥0) in comparison with the experimental data (k20) in comparison with the experimental data.
elaborated as described in the text.

— — State M M State M M
State M, M State M M (nL) (K?0) (exp) (nL) (K20) (exp)
(nL) (K?0) (exp) (nL) (K?0) (exp)
1S 6.322 6.40 P 6.739
1S 9.446 9.446 P 9.879 9.900 25 6.895 P 7.148
2S 10.004 10.013 B 10.239 10.260 3s 7.279 D 7.013
3S 10.340 10.348 B 10.132
4S 10.606 10.575 S 10.835 10.865

where the third term corresponds to the third term in the

) o ) _above expression de(P) and it results in the.-dependent
terms in the kinetic energy and perturbations of the statighift of levels.

potential in the form of operators suppressed by the inverse \ye have also supposed
powers of heavy quark mass, as well as nonpotential retar-
dation effects. The magnitude of such corrections can be re- 2 2
stricted numerically, which leads to a systematic uncertaintyle_ M~ ars(Mp) Me [Roo(0)]
in the calculations of mass spectra for the heavy quarkonia in " ag(Me) m2 |Rg(0)|?
the framework of the potential approach with the static po-

tential. We have found that the sizes of quarkonia are the same as
they were predicted by Buchiter and Tye, while the
A. Masses masses of states are slightly different since we have used the

N . . . other prescription for the input values of ground state
The determination of potential provides us with the ex'masseg' P P g

traction of heavy quark masses in the static approximation by
comparison of heavy quarkonium mass spectra with the cal-
culated ones. The predicted charmonium and bottomonium
masses are presented in Tables | arfdall the following

(Myy—M,, )~56 MeV.

Me(1S)=3.068 GeV, Mp,(1S)=9.446 GeV.

values of heavy quark masses in the potential approach: Then, we predict the massestuf quarkonium’ as shown
in Table Ill. The calculated values of masses agree with those
my=1.468 GeV, m/=4.873 GeV, (399  estimated in the Buchifier-Tye and Martin potentialg25].

The wave functions at the origin are related with the produc-
without taking into account relativistic corrections, which tion rates of heavy quarkonia. These parameters are close to
can be sizable for the charmoniuntsay AM(?C) what was predicted in the BT potential, but slightly smaller
~40 MeV). At the moment, the only measur,ed splitting of because of both the change in the charmed quark mass and

nSlevels is that ofp, andJ/ ¢, which allows us to evaluate theA?s%rgp::grzgﬁp alelorr]:\tzoﬁ.xe d the potential masses of
the so-called spin-averaged mass P

heavy quarks Eq(39) as independent of scale. To compare
_ with the masses evaluated in the framework of QCD sum
M(18)=(3My,+ M, )/4. rules, we note that in the sum rules for the heavy quarkonia
one usually explores the NRQCR26] with the perturbative
. . . — potential Eq.(14) explicitly dependent of the normalization
Supposing the  simple relat|0r_[4], M(ns)=My(nS) point u (referred asugo in the SR. We have determined
—(1/ 4n)(|\/!;,,¢— M 77(:)' W_e also estimate the expected Valuesthat at short distances and highy the perturbative poten-
for the excited states with an accuracy better than 10 Me\fja| Eq. (14) and that of the present paper coincide with each
(we believe. For theP-wave levels we explore the masses gther, while a deviation appears @ 1/ugy. However, at
the distances characteristic for the ground states of heavy
M(P)=M;+3(My—Mg)+2(My—M;+2(My—M,)), quarkonia,(rpp(1s))~0.22 fm and(re;5)~0.42 fm, the
shape of the potential can be approximated by the perturba-
tive term atu..;=1.5-2.0 GeM(see Figs. 4 and)5with the
additive shift of energy scaléV (s, Which is defined by
the expression

whereM ; denotes the mass of state with the total spand
the sum of quark spin§=1, and we have supposed the
spin-dependent forces in the form

VSD:A(L‘S)+B(L'S)2—%BLz'Sz, 5V(IU’SOfT):[V(r)_vpeﬂ(r;ﬂsoﬁ)]lr:ﬁg’ (40)
SWe suppose that the(3770) state is a mixture of8and D "The experimental error in the ground state mass is still large,
levels with unessential shift of(3 mass. SM=+0.39 GeV[24].
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V(r), GeV 8V (ttsoe), GeV

Hsoft s Gev

0.1 0.2 0.3 0.4 0.5 0.6 0.7
r, fm FIG. 6. The value of additive shift of energy scale to match the
perturbativeu-dependent potential with that of calculated in QCD.
FIG. 4. The potential of static heavy quarks in Q@lid line)  The solid and dashed lines correspond to the two- and one-loop
in comparison with the perturbative term Hd4) at u=1.5 GeV  maiching. The points give the result of sum rules for bottomonium
(dashed ling (up to an additive shift of energy scale in comparison with the dotted curve following from the relation
between the running and pole masses at sgale

where the parametef has been put in the region of

=1-2, where the energy shiffV has varied slightly by So, if we redefine the heavy quark madses
about 30—40 MeV, which is, on the first hand, a characteris-
tic uncertainty of potential approach, and on the other hand,
it points to a similar form of perturbative potential with the
calculated model potential in the region of distance variation.

The dependence of energy shift is represented in Fig. 6. the solution of Schidinger equation with the perturbative
potential andmP'%(u) results in the quarkonia masses close

. to the experimental values. Thus, we have matched the val-
V(r), GeV ues of potential masses’ in the QCD potential with the
perturbative pole masses standing in the two-loop calcula-
tions. We stress that the dependence on the soft scale in both
the energy shiféV(u) and the pole mas® ) does not
reflect a nonzero anomalous dimension, since these quanti-
ties are renormalization group invariants. This scale depen-
dence is due to the truncation of perturbative expansion,
wherein the coefficients in front of powers of coupling con-
stant can contain the factorial growtthe renormaloj) so
that even at the scale close to the charmed quark mass the
infrared singularity in the running coupling constant of QCD
provides the significant custodial scale dependence.

MPO( ) =My o+ 38V(w),

8This redefinition is the indication of perturbative renormalsee
review in[27]). Indeed, there are two sources for the deviaivh
The first is the linear confining term in the potential of static quarks.
However, it is a small fraction obV. The second source is the
0.1 0.2 0.3 0.4 0.5 0.6 0.7 infrared singularity in the perturbative running coupling. One can
r, fm easily find that subtracting the singular term of the form
~1/(ugor— A) from SV results in a small value slowly depending
FIG. 5. The potential of static heavy quarks in QCiolid line) on ueoi- IN the effective theory for the nonrelativistic heavy quarks,
in comparison with the perturbative term E44) at u=2.0 GeV the subtraction that connects the pole mass and the threshold mass
(dashed ling (up to an additive shift of energy scale can be calculated explicitlisee[28] and references thergin
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_ Numerically, we estimate the running masegsn) in the  given by 0.1 GeV for the runniniylS mass and 0.06 GeV for
MS scheme using the two- and three-loop relations with théhe low-energy running magékinetic” mass). The result on
pole mass derived if29,30 and adjusting the scale.,;to  theb-quark pole mass depends on both the scale of calcula-

be equal tam. So, in two loopg29] we get tions and the order img of perturbative QCD. To compare
the results in the sum rules with those given in the present

me(Me), loops= 1.400.09 GeV, paper we fix the order invg by the two-loop corrections.

Then we have found that, say, @t,=2.5 GeV the results
ab(ab)z oop=4.200.06 GeV, of estimates in the perturbative potential approach and in the

framework of sum rules are the same within the uncertainty

while the three-loop approximatidi30], which is consistent Mmentioned. So, putting the above value as the matching point
with the three-loop evolution of coupling constant, results inwe show the sum rule results in the form of energy shift in
slightly smaller masses, especially for the charmed quarkfig- 6. For the sake of representability in Fig. 6 we show the
where the uncertainty of estimate increases because of stros-dependent “pole” mass extracted [83] with the uncer-

ger sensitivity of quantities involved to the scale variation tainty of 6m=80 MeV, which is a characteristic inherent
error for the short-distance masses in the analysiE38F.

me(Me)3 loops= 1.17+0.10 GeV, Despite the various choices for the normalization of QCD
coupling constantin [33] «¥°(m3)=0.118), we see a good
My(My) 3 loops=4.15+0.06 GeV, agreement between the dependencies of both the energy

shift in the perturbative potential with respect to the static

which are in agreement with the various estimates in the sumpotential of QCD and the variation of perturbative “pole”
rules onm,, [31-34 andm, [35].° mass ofb quark in the sum rules of QCD. As for the one-

The uncertainty of estimates is determined by the devialoop matching of the perturbative potential, we mention only
tions in the calculations of heavy quarkonium massém that the corresponding sum rules in the NLO give the value
=20 MeV (as shown in Tables | and)land the error in the of energy shift close to zero gig,>2 GeV within the
extraction of 8V mentioned above. The uncertainty in the uncertainty of the method, and this estimate is consistent
running mass of a charmed quark is slightly larger than in thevith the result of potential approach as shown in Fig. 6.
bottom mass since, in addition, its value is more sensitive tdhus, the energy shift of perturbative potential with the two-
a small variation of scale, pole mass and energy shift. loop matching ofV and MS schemes indicates the form of

Note, that the calculations in the framework of sum rulesQCD potential in agreement with the corresponding soft
were performed for thé-quark mass in both the full QCD scale dependence of perturbative pole mass in sum rules of
[36] and the effective theory of nonrelativistic heavy quarksQCD for the bottomonium.
NRQCD [31-34,37. The mass extraction of Reff37] has At the moment we can compare the obtainedlepen-
been carried out in the nonrelativistic effective theory atdence of “pole” mass with the relation between the running

next-to-leading orde(NLO), whereas Refd31-34 carried  MS mass of heavy quark and the pole mass derived1h
out next-to-NLO(NNLO) analyses in the same framework. where we find

The calculations in the nonrelativistic effective theory are the

calculations in the framework of first principles in QCD, _
where the results of full QCD are determined in a systematic mP*=m( )
expansion inas and the velocity. In Ref{36] the analysis

has also been carried out in the nonrelativistic situation, but

no systematic expansion ias and the velocity has been with

carried out. That the results for th&S mass obtained i[36]

agree with the other analyses is not understood and requir€s(x)=Cg(4+3L), (42
further examinatior(see the conclusions ¢88]).

Recently, the charmed quark mass was evaluated from the _
NRQCD sum rules if39], so that the result on the running Ca(1)=CrCa
mass is in a good agreement with the value given above, too.

There is a recent sum rule extractipt0] of the bottomMS — CeTens
mass, where the charmed quark mass effects are also in-
cluded. The estimate of potential approach under consider-
ation is in good agreement with this recent SR result. +C§

In [33] the dependence of “pole” mass on the scalg
was explicitly calculated in the NNLO. The uncertainty of -~ _
mass extraction from the sum rules for bottomonium was 12CeTr(1-2£(2)), (43

where 13(1)=2¢(3)-6£(2)In2, andL=2 In(u/m?°9). At

w=mP%€ the result of29] is reproduced. We check that the

Note, there is the difference between the usually quoted values d@gs in the definitions Otiz can be rerioved by the expres-
m(m) andm(mPo'. sion of running valuesm(x) and a¥S(u) in terms of

2

(41)

MS, 2 MS, 2
TS(u2) ()
1+cl<m%+cz<m(%

1111 84(2) — 411 185L 11L2
g ~8U2)—4ly(L)+ L+ =

& 8L(2 26|_ 2L2
€+ L( )+§ +

121 30£(2)+8l4(1 27|_ g|_2
-3 [(2)+ 8l 5( )+? *3
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a(mpole) and agﬂ_S(mpole) in Eq. (41). Nevertheless, we find Lagrangian of PNRQ_CD, where the_ soft fields are integrated
that the explicit. dependence in EG41) repeats the form of OUt, and we deal with the potential interaction of heavy
renormalon contribution as we see it in the perturbative poduarks and the ultrasoft external gluon fields in the frame-
tential, where a similar effect takes place because of both th@ork of multipole expansion. The matching of PNRQCD
truncation of perturbative series and the infrared pole in thavith NRQCD takes place at a scalg,—~mv. Recently, the
running coupling constant of QCD. Following E@1), we  effective theory of vYNRQCD was formulated jd1], using
show the value of difference g@o'e(,u)_mb) in Fig. 6 at  the velocity renormalization group43] to match the vN-
m(m)=4.3 GeV. We see that, first, the results of QCD sumRQCD operators with the full QCD at a scale aboutvith
rules in[33] agree with the values expected from E4d), the single-step evolution to a soft scale, which can be e|'ther
and second, the:-dependent shift of pole mass approxi- MY or mv?. The current status of YNRQCD provides us with
mately coincides with the shift of perturbative potential with the one-loop matching of heavy quark potential to orefér
respect to the static QCD potential free off renormalon ami-€., up to spin-dependentra? terms, which are beyond the
biguity caused by infrared singularity of perturbative cou-current consideration. Therefore, we concentrate our discus-
pling constant at finite energy scale. This fact implies thesion on PNRQCD.

cancellation of infrared uncertainties. Thus, we can define The PNRQCD Lagrangian has the following form:

the unambiguous pole mass by

. | . 2 pz p4 (1)
ole_ o] - S
where we use the pole mass of E4l). The basis for the _ ve n s+o'lip.— P_Z_ P_2 P!
validity of Eq. (44) was observed ifi42], where in the con- m2 ° 4m m a3
text of perturbative bottom mass extractions, the cancellation
of the leading renormalon at=1/2 of the Borel plane in the v v
total static perturbative energy of a hea@®Q pair was —Vo(r)————2 O
shown.
We find that for the bottom quark the defined mass is +gVa(r)Tr{O'r-ES+S'r-EO}
given by the value of mass extracted from the potential ap-
Vg(r 1

proach +g%Tr{oTr-Eo+oT0r B} g FLERR,

~npole__ 1V

mpo ~my, 45)

with the accuracy about 80 MeV.

whereP is the momentum associated to the center-of-mass
B. Heavy quark masses and PNRQCD coordinate. In Eq(45) the 1 corrections toV,, Vg, and

In this section we discuss the modern development in théo pure gluonic operators as well as the higher order terms in

theory of heavy quarkoniurfpa’ on the basis of effective e multipqle expansion are not displayed. To the leading
theory called PNRQCI10], naturally incorporating the po- Order the singlet and octet operat@sO are represented by
tential interactions between the heavy quarks and externdi€ appropriate products of nonrelativistic heavy quark and
ultrasoft fields in QCD, and compare the PNRQCD results2ntiquark spinors. The matching 8fand O operators with
with the values of heavy quark masses obtained above in tHée NRQCD spinors was done jd0] up to three loops for
QCD potential of static quarks. both the potentials and the normalization factors in OPE. In
First, PNRQCD argues that in the heavy quarkonium théhis Lagrangian the singlet and octet potentiglgr) and
nonrelativistic motion of heavy quarks inside the bound staté/y(r) are treated as the corresponding Wilson coefficients in
allows us to introduce three actual physical scales: the heayont of bilinear forms inSandO to the leading order in ir.
quark massn, the soft scale of heavy quark momentum in-In Ref. [10] the authors show that this definition of static
side the hadromwo, and ultrasoft scale of energyv?, which  quark potential is consistent with the definition in terms of
are distinctly separated by a small parametebeing the the Wilson loop Eq(1).
velocity of heavy quark. After matching with full QCD at a  The other result of PNRQCD is the cancellation of renor-
hard scalewn, M, in NRQCD the hard fields are inte- malon ambiguity in the sum of heavy quark pole masses and
grated out, which results in the perturbative Wilson coeffi-the potential up to two loops, which is a confirmation of
cients of OPE in the effective theory, and we deal with thegeneral consideration in QCD, that was first derive 4.
heavy quarks interacting with the gluons at virtualites A new feature appears by the consideration of three-loop
Mtact, soft about mu. In order to consider the heavy quark leading log matching oV and MS schemes. So, for the
fields at loweru up tomw? we should introduce the effective distance-dependent running coupling the result reads off
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10 ) = (L) | 1+ (@ + 2y i) ) e
ay(1ir%, pu) = ays(1/r) (a1 +2yeBo) ype b<u<l,
w? o) and
+| ve(4a180+2B1) + ?+47E Bo
u
aZe(1r?)  C3 ade(1ir?) TS 22
+ a2 > + E r,lL y
16m then, perturbatively expanding in the small parameterwe
(46) get the linear correction to the potential in PNRQCD, so that
where the two-loop contribution was taken fr¢m8] and it AVpnroeo=AK- T,

coincides with Eq(14), of course. However, the three-loop
term leads to the explicit dependence on the scale in thwhere
perturbative PNRQCD calculations, which has to be ex- 3 3
pected from the general note on the infrared singularity ob- Ak= CrCa a4_f% &a_g
served by Appelquist, Dine, and Muzinidd2], that was 120 "MSy 127 MS™’
rederived in PNRQCD by supplementing a certain infrared
subtraction. This dependence was considerdd@for two SO that we have dropped the scale dependence of the strong
cases, when the scales of confineménicp and binding coupling constant, since it is beyond the accuracy under
energymuv? have the arrangementéa) A gcp>mu? or (b) study, and we have substituted the Coulomb relation for the
mu?>Aocp- If (@), the singlet potential of static quarks suf- guark velocity inside the bound state- Craps to the given
fers from the nonperturbative effects, and it can be treate@rder. Numerically, for the charmed quarks this perturbative
only after introduction of some model dependent terms comcontribution could be on the order afk~0.1 GeVF. Thus,
ing from the ultrasoft gluons, which form the gluon sea inWe can motivate the relation between the nonpgrturbatlve
the heavy quarkonium, so that the sea has its excitations, arfdfing and the three-loop scale dependent term in the PN-
the characteristic excitation energy of gluelumps should reRQCD potential. .
place the scalg, this results in the scale-independent non- _ Indifferently of the arrangement for the confinement and
perturbative potentidl If (b), the potential is purely pertur- bPinding energy scales, the introduction of such a string
bative. However, calculating the physical quantities such aghould remove the explicit dependence of full potential on
the masses of bound states, we have to take into account tHee scale. This has been done above by introduction of the
contributions coming from the perturbative ultrasoft gluonsunified 8 function of coupling in the V scheme. This solution
with the virtualities less thanu, which can produce a O©f the problem qualitatively agrees with the consideration in
u-dependent shift of energy, which should be cancelled witf’NRQCD since, first, in the perturbative regime the contri-
the « dependence in the potential E¢6) and, probably, in t_)utlon of the_ log term is negI|g|ny small as we see for the
the heavy quark masses. In both cases, the perturbative cdff€ar confining term of the potential at short distances, and,
culations of singlet potentii explicitly indicate the neces- Second, at long distances the nonperturbative confining term
sity of taking into account the gluon degrees of freedom'S essential, Whe_re the st_rlng tension is the natural physical
inside the heavy quarkonium. As was noted 18], appar- scalg. In the static potenye_ll of QC_D given a_bove we do not
ently, this feature is characteristic for the non-Abelian theoryconsider possible “nontrivial” excitations with the broken
[see the factor o€, in front of the log term in Eq(46)]. string geometry, vyhere the breqk point moves on the string
To our opinion, this dependence of potential on the ultrawith 'the speed pf light. Such excitations WOL.I|d correspond to
soft gluon fields(the infrared singularity in terms of Ap- hybrid states with the gluelumps. Thus, we find that the QCD
pelquist, Dine and Muzinichinside the heavy quarkonium potential of static quarks_ in the form offered in the present
naturally indicates the formation of gluon string between theP@pPer has no conflicts with the current status of PNRQCD.
heavy quarks at long distances. Indeed, expres@Bnwas Howe.ver, in our opinion the problem can be much deeper.
derived under the following arrangement of scales® The' stqtlc potentlgl, mproduced _by the Wilson qup, is renor-
~mo, mu2<p<mo. So, if we put mahzaﬂon group invariant, and it does not contain any sepa-
ration between the potential gluons and the ultrasoft gluons
u forming the sea, since it gives the total energy of dynamical
n= F_Ur’ fields. In contrast, the PNRQCD introduced the singlet po-
tential as the Wilson coefficient in front of the four quark
operator, so that it intrinsically operates with the separation
of potential and sea, as well as the nonrelativistic quarks,
"%Possible nonpotential terms are discussefLD}. which act as sources, so that some gluons with virtualities
/e are not concerned about the octet potential of static quarks igreater thanu are considered as emitted, while others with
the present consideration, although some qualitative conclusionértualities less than are included in the origin of sources,
could be straightforwardly generalized from the singlet state to theéand the gluons with virtualities abouiv mediate the poten-
octet one. tial interaction. Generally, this separation of heavy quarks,
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potential gluons, and sea gluons in the operator product exections in the multipole expansion of QCD and a small

pansion can involve nonzero anomalous dimensions for theZlogas term, was used to extract the heavy quark masses.
singlet PNRQCD-potential. This fact does not contradict theThe authors determined the “pole” mass, which is scale de-
OPE basis, but it reflects the point that the static potential opendent, indeed, by putting=Crasmg in the potential. As

the Wilson loop generally differs from the PNRQCD poten-we understand, they introduced the mass suffered from the
tial. In addition, the ultrasoft gluon sea introduced in PN-renormalon and got

RQCD in terms of multipole interaction with local external

chromoelectric and chromomagnetic fields is not a local ob- mp=5022+-58 MeV,

ject, indeed.

A point should be considered on the linear confining termwhich is greater than we determine in the current presenta-
of potential. In[10] a model of infrared behavior was used, tion. The reason is quite evident. It is the energy shift
so that at long distances between the heavy quarks the uItr@V(M)_ The runningMS mass quoted ifi45] is about 260
soft correction was derived in the form of constant energywev greater than we find in the same orderdg for the
shift 5V, and quadratic termar,r®. The corresponding con- relation between the pole and running masses. The difference
clusion was drawn to stress that the linear term could appeajecomes unessential by using the three-loop matching of the
in a more complicated case of infrared behavior. We show immasses if{45], however, the same correction will also de-
the previous sections how this confinement regime can berease the value obtained in the spectroscopy with the full
reached. QCD potential. Thus, to our opinion the values of heavy

Recently, several papefd4,45 were devoted to the cal- quark masses given {#45] should be kept with a large care.
culations of ground states in the heavy quarkonia in the way, Finally, in [47] the dependence of potential on the finite
combining the PNRQCD potential with the nonperturbativeheavy quark masses was considered. This dependence is due
corrections to the binding energy as they were produced by the smooth variation of the number of active flavors in the
the multipole expansion of QCIPLE] in the form of PN-  expressions for the coefficients of the perturbafvieinction
RQCD explicitly shown in Eq(45). Referencg44] does not a5 well as in the matching coefficients af . As we have
strictly estimate the gluon condensate effects in the multipol@jescribed above we use the step-like change of active flavor
expansion, and it presents purely perturbative results. It folnumber, which infers implicit model dependence, which is
lows the perturbative ground state mass technique as a maggactically unavoidable in the case under study.
definition that leads to the cancellation of the-1/2 renor- As for the lattice simulations in QCD for the relevant
malon that was considered in the approach of upsilon exparproblem, a review can be found in R¢48]. We emphasize
sion introduced by Hoangt al. in [46]. So, in[44] the per-  only that the lattice potential of static quarks is close to what
turbative mass of thB. meson was calculated on the base ofjs given by the Cornell model. A modern review of phenom-
perturbative expansion for the static potential with the |eadeno|ogical potential models can be found in the lect(i4&%
ing approximation in the form of Coulomb wave functions. The finite mass effects in the nonrelativistic bound states was
As we see above the perturbative potential suffers from theecenﬂy considered at next-to-leading ordef50] and[51].
renormalon ambiguity. In order to remove this dependence next-to-next-to-leading order analysis of light quark mass

on the choice of scalg in the potential, the authors p#4]  offects in the heavy nonrelativist@Q systems was given in

calculated the masses fys andY in the same technique at 4] some applications of PNRQCD to the heavy quarkonia
the same poinfu and inverted the problem on the heavy \yare done if52].

qgquark masses by equalizing the perturbative masses of
ground states in the charmonium and bottomonium to the
measured values. This procedure leads to ghdependent
pole masses of heavy quarks as expressed by the series inIn the static approximation for the heavy quarks the cal-
as(n). We expect that such a procedure could cancel theulation of leptonic constants for the heavy quarkonia with
renormalon with an accuracy of about 50 MeV in the mass othe two-loop accuracy involves the matching of leptonic cur-
hadron. As a results, the perturbative mas8ghas quite a rents in NRQCD with the currents of full QCD,

stable value

C. Leptonic constants

BP=QrQ. TP=x"0y ¢,
M per( Bo) =6326"3° MeV, (47)
with the relativistic quark field€ and their nonrelativistic

in the range of 1.2 x<2.0 GeV, which should be com- two-component limits of antiquark and quarke, o, =0,
pared with the results in Table Il and the rangewfde- —v,(o-v), andv is the four velocity of heavy quarkonium,
scribed above in the study of matching the perturbative poso that
tential with the full QCD potential. The authors pf4] did
not present the.-dependent heavy quark masses. Neverthe- J?CD= K( hards Mact) - T TRQCD,
less, due to the almost coinciding estimateBgpmass in Eq.
(47) and Table IlI, we expect that this dependence should bahere the scalg,,,q determines the normalization point for
given by the form oféV(u). the matching of NRQCD with full QCD, while, refers to

In Ref.[45] the same technique for the perturbative con-the point of perturbative calculations in NRQCD. Using the
tribution with the account for both the gluon condensate corimatching of potential for the static quarks in QCD with the
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FIG. 7. The value of leptonic constant for the vector ground  F|G. 8. The value of leptonic constant for the vector ground
state of bottomonium vs the soft scale. The dashed line represenégate of charmonium vs the soft scale. Shaded region is restricted by
the choice ofupag=2m,, while the solid line representghag  the dashed line representing the choiceugf, = 1.07m, and by the
=my. The horizontal shaded band gives the experimental limits. solid line with up,=0.93n,. The horizontal shaded band gives

the experimental limits. The additional curves ging,— 1.26m;
two-loop perturbative potential, we argue that the most ap¢dashed lingand wp,=0.87m, (solid line).
propriate choice of scale relevant to the charmonium and
bottomonium is still close to the potential of static quarks at the distances

characteristic for the & level of bb.
Miact= Msoft= 1.3-2 GeV. (48 The estimate of leptonic constant for the charmonilim
) is more sensitive to the choice of factorization scale. Indeed,
For the heavy quarkonium composed by quarks of the sam@e size of this system(ree1s)~0.42 fm, makes more
flavor the Wilson coefficientC is known up to the two-100p  strict constraints onue~1.3-1.5 GeV, since at higher

accuracy{53,33,54,55 scales the perturbative potential significantly deviates from
s t_he potential of static quarks in QCD in the region of bound
K( i) =1— § as " Mard cc states, while at lower scales the perturbgtivg potential in
Frhard: ffac 3 T two loops does not match the QCD potential in all of the

5 form. Another problem is the energy shifs\V(u)

e ) ), (49 =1.0-1.2 GeV, which essentially renormalizes the pole

2\ Hhard: Mtacy» mass of charmed quarknf®®=1.968—2.068 GeV. This
shift does not perturb the mass of the ground state, but it is

andc, is explicitly given in[54,55. The additional problem significant for the value of wave function at the origin. So,

is the convergency of Eq49) at the fixed choice of scales. following the well-adjusted scaling relation for the leptonic

So, putting wpae= (1—2)m, and Eq.(48) we find a good  constant§56], we putP(u)= W (0)mP%%(u)/m, and use it

convergency of QCD corrections for the bottomonium andin the calculations of the leptonic constahiVe get

estimate its leptonic constant defined by

MS
( s (Mhard
+|—

f3,=400+35 MeV,
(OJFPIY ) =€rfyMy,

to compare with the experimental valud3)=409

where\ denotes the polarization of vector statg, so that = 15 MeV. . . .
In Fig. 8 we see that again the stability point can be
fy=685+30 MeV, reached in the variation ofi,,q, at a reasonable value of

Msoi=1.35 GeV. However, the stability takes place in the
while the experimental value is equal t6P=690  harrow region ofup,q; close to the charm quark mass.
+13 MeV[9].

As we can see in Fig. 7 the variation of hard scale in

broad limits leads to the existence of a stable point, where 25olving the Schrdinger equation with the shifted masses and
the result is slowly sensitive to such variation. The stabilitypotential, we check that this mass dependence of wave function is
occurs afug~2.6 GeV, where the perturbative potential is valid with the accuracy better than 6%, so we put 0.95.
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TABLE IV. The ratios of leptonic constants for the heavy IV. CONCLUSIONS
quarkonia as predicted in the present papetQKin comparison . . . .
with the experimental data. We have derived the potential of static heavy quarks in
QCD on the base of known limits at short and long distances:
QCD, QCD the asymptotic freedom to the three-loop accuracy, and the
f2ng/fs  (K?0) Exp. ffng/f¥  (K?0) Exp. confinement regime. The inputs of potential are the coeffi-
28 055 0.48 0.07 - 047 0.47-0.03 cients of _perturbativeﬁ function, the matching c_>ﬂ\/I_S
3s 032  0.250.06 5 034  0.36-0.02 scheme with the V scheme of potential, the normalization of

running coupling constant of QCD af= m%, and the slope
of Regge trajectories, determining the linear term in the po-

At present, the matching condition for the heavy quarko-ential. Thus, the approach by Buchiten and Tye has been
nium composed by the quarks of different flavols, is modified in accordance with the current status of perturba-

known to one loop, onlyf56,57. So, for the pseudoscalar tiVe calculations. _
state we have In the static limit the two-loop improvement of Coulomb
potential results in the significant correction to fhéunction
agﬂ_s(ﬂhard) Me—m, My for_ the effe(_:tive_ c_hargeA,B/,B~10% as sh_owr_1 in Fig._ 3
2_ In— | This correction is important for the determination of critical
™ my+me Mg values of charge, i.e., the value in the intermediate region
(50) between the perturbative and nonperturbative regimes. More-
over, the two-loop matching condition and the three-loop
which is independent of the factorization scale. The matcnrunning of Coup"ng constant normalized by the data at the
ing of perturbative potential to the one-loop accuracy withhigh energy ofn, determine the region of energetic scale for
the QCD potential of static quarksiat-0.3—0.4 fmrelevant changing the regimes mentioned above. This scale strongly
to the ground state d8; meson[58], is rather questionable, correlates with the data on the mass spectra of heavy quarko-
since the deviation in the forms of potentials is quite sizablenja. So, it is connected with the splitting of masses between
In addition we have to pOSaci= Mhara, DECAUSE WE CaNNOt the 1S and 25 levels. We stress that the consistent consider-
distinguish these scales, while the nonzero anomalous dation of two-loop improvement gives the appropriate value
mension to two loops is not taken into account. Neverthelessf effective Coulomb coupling constant as it was fitted in the
we can putupa=1.3-1.8 GeV and negledV, which is  Cornell model of potential. This is achieved in the present
beyond the actual control in the one-loop accuracy. Indeechaper in contrast with the one-loop consideration by Buch-
as we see in Fig. 6 the one loop value of energy shift for theniiler and Tye, who found the value ofcp inconsistent
matching of perturbative and QCD potentials is quite smallith the current normalization at high energies. So, the two-
at the Iarge virtualities about 2 GeV, and it can be neg'eCterop impro\/ement gives the correct normalization of effec-
while at smaller virtualities the form of perturbative potential tive Coulomb exchange at the distances characteristic for the
is close to that given by QCD only in the short range ofaverage separation between the heavy quarks inside the
distances =0.1-0.25 fm, hence, the results on the match-heavy quarkonium and determines the deviations at short
ing are not reliable for extracting the heavy quark masseglistances <0.08 fm(see Fig. 2, which is important in the
from the parameters of bound states. So, we estimate  calculations of leptonic constants related with the wave func-
tions at the origin.
fg =400+45 MeV, Other corrections to the potential of heavy quarks are con-
¢ nected with the finite mass effects and cannot be treated in
the framework of static approximation. For example, the
spin-dependent forces, relativistic corrections, and specific
+25 MeV([56,59. non-Abelian potential termi® in the heavy quarkonium
Finally, we present the ratios of leptonic constants for theshoyld be taken in the analysis of mass spectra. A magnitude
excitednS levels ofbb andcc in Table IV in comparison of leading nonstatic corrections can be evaluated by the char-
with the experimental data. We see that the predictions are iacteristic shifts of levels due to the hyperfine splitting of
good agreement with the measured values. For completenewave levels in the heavy quarkorfiaSo, we conserva-

K( hards Mac) = 1 —

to compare with the estimates in the SR, whégé=400

we also predict the constant oBdevel in thebc system tively evaluate the uncertainty of heavy quark mass analysis
om=80 MeV.
fg (25=280=50 MeV, Thus, the non-Abelian term of potentiaf/r?, say, has
C

the factors in the form of iy, and it is equal to zero in the

static limit mg— <, while the uncertainty in the heavy quark
which agrees with the scaling relatips6]. Q™ y ¥4

Thus, we have analyzed the estimates following from the———
potential of static quarks in QCD for the masses of quarks | . ' .
and heavy quarkonia as well as for the |ept0nic constants, 3They have the form O&S/rz with the factor given by the inverse
and found both in good agreement with the experimentafl€avy quark masses.
data available and the consistency with the QCD sum rules.*The splitting is about 100 MeV or less.
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masses due to the omission of such terms is estimated in tliBvergency and ambiguity is the infrared singularity in the
paragraph above. Formally, if we consider the perturbatiofQCD coupling constant. This singularity is regularized by
theory for the calculation of bound state levels in the heavyintroducing the threshold mass parameters free of renorma-
qguarkonium with the Coulomb functions taken as the leadindon. Such an approach is independent of any assumptions on
approximation, which is not a scope of our considerationthe gluon condensate, since generally the pole mass renor-
then the mentioned non-Abelian potential contributes in thenalon and the gluon condensates are different issues.
same order inxg as the two-loop corrections to the matching  The perturbative pole mass used in the QCD sum rules is
of perturbative static potentiat a2, since the averaging of not a well defined quantity, and some relevant quantities are
1/r2 results in theagmé factor. However, the two-loop ef- introduced in Refd.32—34. These quantities are constructed
fects are important for the consistent consideration of statiéom the perturbative pole mass of heavy quark with specific
potential and the high energy normalization, i.e., these corinfrared subtractions, which are treated independently of the
rections are significant in the running of effective charge induark-gluon condensates. These constructions are author de-
the potential from the high energies to the scale relevant t9endent, though the authors of subtracted masses gave some
the heavy quark bound states even in the static limit, while?hysical motivations, which are more or less strict, but jus-
the nonstatic contributions can be consistently neglected ifified. These infrared subtractions imply the introduction of
the numerical analysis. We see that our consideration is conbfrared regulators.
sistent in the static approximation, which we have addressed In the present paper the unifigglfunction for the effec-
in the present paper. tive charge in the potential is considered, and its definition
The matching of two-loop perturbative potential with the supposes the infrared stability. Thus, we see that the analysis
QCD potential of static quarks has been performed to ge®f heavy quark masses in both the QCD sum rules and po-
estimates of hea\/y quark masses, which can be Comparégntia| approach involves the consideration of relevant ef-
with the results of QCD sum rules. Good agreement betweef@cts caused by the infrared dynamics of QCD, although the
two approaches has been found. explicit constructive procedures are certainly different, but
The recent determinations of heavy quark masses in Ref§hey have similar inherent uncertainties.
[32—34 were done in the framework of QCD sum rules, The calculated mass spectra of heavy quarkonia and the
which is a systematic approach, indeed. It is based on thieptonic constants of vectarS levels are in agreement with
separation of the short-distance region from the nonperturbdhe measured values. The characteristics of Bgemeson
tive effects at some values of parameters defining the scheni@ve been predicted.
of calculations in the sum rules. In this approach the nonper-
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